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ABSTRACT
Hydrodynamical interaction of spherical ejecta freely expanding at mildly relativistic speeds into an
ambient cold medium is studied in semi-analytical and numerical ways to investigate how ejecta
produced in energetic stellar explosions dissipate their kinetic energy through the interaction with
the surrounding medium. We especially focus on the case in which the circumstellar medium is well
represented by a steady wind at a constant mass-loss rate having been ejected from the stellar surface
prior to the explosion. As a result of the hydrodynamical interaction, the ejecta and circumstellar
medium are swept by the reverse and forward shocks, leading to the formation of a geometrically
thin shell. We present a semi-analytical model describing the dynamical evolution of the shell and
compare the results with numerical simulations. The shell can give rise to bright emission as it
gradually becomes transparent to photons. while it is optically thick. We develop an emission model
for the expected emission from the optically thick shell, in which photons in the shell gradually diffuse
out to the interstellar space. Then, we investigate the possibility that radiation powered by the
hydrodynamical interaction is the origin of an underluminous class of gamma-ray bursts.
Keywords: hydrodynamics – shock wave – gamma rays: bursts – supernova: general
1. INTRODUCTION
Collisions of two cold media and subsequent formation
of shocks propagating into both sides of the contact sur-
face provide an efficient way to convert the kinetic energy
of the flows into the internal energy of the shocked me-
dia. This process is thought to be a plausible source of
high-energy emission in various astrophysical situations.
Stellar explosions are one such astrophysical site. At the
final evolutionary stage of massive stars, the collapse of
the iron core liberates its gravitational energy, leading
to the violent explosion of the star. The stellar man-
tle ejected as a result of the explosion could give rise to
bright emission, which is observed as a core-collapse su-
pernova (CCSN). A small fraction of CCSNe is known to
be accompanied by an intense burst of gamma-ray pho-
tons, which is called a long-duration gamma-ray burst
(long GRB) (see, Piran 1999; Me´sza´ros 2006; Woosley
& Bloom 2006; Hjorth & Bloom 2012; Kumar & Zhang
2015, for reviews). A great deal of attention has been
paid to the physical link between CCSNe and GRBs.
In these phenomena, the erupted materials eventually
collide with the surrounding gas, i.e., the circumstellar
medium (CSM). The hydrodynamical interaction of the
ejecta and the CSM is of vital importance in understand-
ing electromagnetic signals from some kinds of SNe. The
shocked SN ejecta and CSM form a shell at the interface
between these two media (Chevalier 1981). For a dilute
CSM, the shell would be optically thin and thus could
give rise to non-thermal radiation from highly energetic
electrons, which are accelerated at the shock front, via
synchrotron and/or inverse Compton processes. Non-
thermal emission from SNe has been extensively inves-
tigated in many theoretical works (e.g., Chevalier 1982,
1998; Chevalier & Fransson 2006). Radio and X-ray ob-
servations of several SNe have been carried out and suc-
ceeded in constraining the CSM density by using those
theoretical models (e.g., Weiler et al. 1989, 1990; van
Dyk et al. 1994; Weiler et al. 2002; Pooley et al. 2002;
Soderberg et al. 2006; Maeda 2012).
When the CSM is sufficiently dense, the shell would
become optically thick and serve as a source of bright
thermal emission in early stages of its dynamical evo-
lution. In fact, bright emission found in a special class
of SNe with prominent hydrogen narrow lines in their
spectra, type IIn SNe (see, e.g., Filippenko 1997; Smith
2014, for a review), is explained by the hydrodynamical
interaction. Moreover, there is increasing evidence that
some events spectroscopically classified as normal SNe
must have exploded in a dense CSM or with an extended
envelope attached (Ofek et al. 2013; Gal-Yam et al. 2014;
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2Ofek et al. 2014), suggesting the important roles played
by the ejecta-CSM interaction especially at the very be-
ginning of the dynamical evolution of SN ejecta. It is also
claimed that the first electromagnetic signal from an SN
explosion, i.e., the shock breakout (Colgate 1974; Klein
& Chevalier 1978; Falk 1978), can be significantly pro-
longed and become brighter in the presence of a dense
CSM (e.g., Falk & Arnett 1973, 1977; Chevalier & Ir-
win 2011). There are an increasing number of theoreti-
cal studies aiming at establishing appropriate light curve
models of the early emission from SNe having exploded
in a dense CSM (e.g., Balberg & Loeb 2011; Moriya et
al. 2011; Ginzburg & Balberg 2012; Svirski et al. 2012;
Ginzburg & Balberg 2014; Svirski & Nakar 2014; Moriya
et al. 2015).
In the context of long GRBs, the CSM interaction
might produce some underluminous events. A signifi-
cant fraction of GRBs with spectroscopically identified
SN components shows isotropic gamma-ray luminosities
3-5 orders of magnitude lower, Lγ = 10
46−48 erg s−1,
than the typical luminosity of long GRBs, therefore mak-
ing these events classified as low-luminosity GRBs (LL-
GRBs). Well-known examples include GRB 980425/SN
1998bw (Kulkarni et al. 1998; Galama et al. 1998), GRB
060218/SN 2006aj (Campana et al. 2006; Pian et al.
2006; Soderberg et al. 2006; Mazzali et al. 2006), and
GRB 100316D/SN 2010bh (Starling et al. 2011). Sev-
eral theoretical models have been proposed to explain
these nearby peculiar events. While normal GRBs at cos-
mological distances require an ultra-relativistic jet ema-
nating from a massive star, a less-collimated outflow, a
chocked jet, or even spherical ejecta moving at mildly
relativistic speeds could account for the gamma-ray lu-
minosities of LLGRBs (see, e.g., Li 2007; Toma et al.
2007; Wang et al. 2007; Waxman et al. 2007). Follow-up
observations suggest that a mildly relativistic blast wave
with shock Lorentz factors of a few is likely to produce
their radio afterglows (Kulkarni et al. 1998; Soderberg
et al. 2004, 2006), making the relativistic shock break-
out model, in which a blast wave driven by relativistic
ejecta emerges from the photosphere in a dense CSM,
the most popular scenario (Kulkarni et al. 1998; Tan et
al. 2001; Campana et al. 2006; Li 2007; Waxman et al.
2007; Nakar & Sari 2012).
How the relativistic ejecta responsible for the gamma-
ray emission are produced and how much kinetic energy
is distributed in different layers of the ejecta are still
debated. Self-similar solutions for spherical flows have
played important roles in determining the density profile
and the kinetic energy distribution of the ejecta. Sakurai
(1960) found a series of self-similar solutions describing
a strong shock wave propagating in a stellar atmosphere
with a power-law density profile. Matzner & McKee
(1999) obtained the density structure of SN ejecta re-
sulting from stellar mantle after the passage of a blast
wave based on the Sakurai’s self-similar solutions. Tan
et al. (2001) extended the work to study the proper-
ties of trans-relativistic ejecta produced in highly ener-
getic SNe. Nakayama & Shigeyama (2005) discovered the
ultra-relativistic counterpart of the Sakurai’s self-similar
solutions and discussed the kinetic energy distribution of
the ejecta.
The ejecta could also be produced as a result of aspher-
ical energy deposition or penetration of a jet. Bromberg
et al. (2011a,b) investigated the time required for a jet
injected at the core of a massive star to penetrate the
star. They found that jets with energy injection rates
inferred from gamma-ray observations of LLGRBs could
not penetrate the progenitor star and concluded that the
mechanism to produce LLGRBs seems to be different
from normal long GRBs. The failed jet hypothesis has
been examined by Lazzati et al. (2012), who carried out
2D hydrodynamic simulations of the jet propagation in
a massive star with several values of the energy injec-
tion rate. They confirmed that a failed jet can produce
relativistic ejecta with steep kinetic energy distributions.
Relativistic ejecta could also be realized as a cocoon com-
ponent associated with successful penetration of a mas-
sive star by an ultra-relativistic jet (Ramirez-Ruiz et al.
2002; Lazzati & Begelman 2005). By carrying out 2D
hydrodynamic simulations, Suzuki & Shigeyama (2013)
demonstrated that the hydrodynamical interaction be-
tween the cocoon expanding at mildly relativistic speeds
and a dense CSM could produce bright X-ray emission
similar to GRB 060218. Nakar (2015) recently argued
that LLGRBs were produced when an extremely dense
stellar envelope surrounding the progenitor star could
stop the propagation of an ultra-relativistic jet emanat-
ing from the core.
From an observational point of view, follow-up radio
observations are a key to probing the kinetic energy dis-
tribution of SN ejecta at later epochs (e.g., Kulkarni et al.
1998; Soderberg et al. 2004, 2006; Margutti et al. 2013,
2014). These studies estimated the kinetic energy of the
blast wave responsible for radio synchrotron emission,
which can be combined with the kinetic energy of SN
ejecta emitting optical photons to obtain the distribution
of the kinetic energy in the velocity space. The kinetic
energy of the radio emitting blast wave is much smaller
than that of SN ejecta for normal striped-envelope SNe,
making the kinetic energy distribution very steep. LL-
GRBs exhibit shallower kinetic energy distributions than
normal SNe, suggesting that the presence of some sort of
central engine activity distinguishes them from normal
SNe. However, their kinetic energy distributions clearly
look different from almost flat distributions inferred for
normal GRBs. The authors conclude that LLGRBs are
driven by a distinct central engine from normal GRBs.
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Investigations of the dynamical evolution of freely ex-
panding ejecta with a wide variety of the kinetic energy
distribution colliding with an ambient medium are there-
fore of crucial importance in examining its potential to
produce bright X-ray and gamma-ray emission as well as
radio synchrotron emission. Self-similar solutions have
been used in describing the shocks forming as a result of
the hydrodynamical interaction between the ejecta and
the ambient medium. Chevalier (1981) discovered a se-
ries of self-similar solutions describing the hydrodynam-
ical interaction in the non-relativistic regime. The ultra-
relativistic extension of this study was done by Nakamura
& Shigeyama (2006). However, the intermediate regime,
in which the ejecta and the shocks are moving at mildly
relativistic speeds, has received little attention despite
its recently increasing interest.
In this paper, we consider spherical ejecta freely ex-
panding at mildly relativistic speeds and investigate the
hydrodynamical interaction with an ambient medium in
semi-analytical and numerical ways. In Section 2, the
dynamical evolution of the gas is considered in a semi-
analytical way. Numerical simulations are performed and
compared with the semi-analytical model. The results
are presented in Section 3. We develop an analytical
model of the emission powered by the interaction, and
the calculated light curves are compared with the X-ray
light curve of GRB 060218 in Section 4. Finally, we con-
clude the paper in Section 5. In the following, we use the
unit c = 1, where c denotes the speed of light.
2. DYNAMICAL EVOLUTION OF EJECTA
We consider relativistic flows with spherical symme-
try. The hydrodynamical variables, the velocity β(t, r),
density ρ(t, r), and pressure p(t, r), are expressed as func-
tions of time t and the radial coordinate r. The following
equations describe the temporal evolution of these vari-
ables,
∂(ρΓ)
∂t
+
1
r2
∂(r2ρΓβ)
∂r
= 0, (1)
∂(ρhΓ2β)
∂t
+
1
r2
∂(r2ρhΓ2β2)
∂r
+
∂p
∂r
= 0, (2)
and
∂(ρhΓ2 − p)
∂t
+
1
r2
∂(r2ρhΓ2β)
∂r
= 0, (3)
where the Lorentz factor Γ is defined as follows,
Γ =
1√
1− β2 . (4)
In this work, the gas is treated as an ideal gas with an
adiabatic index of γ = 4/3. Thus, the specific enthalpy
h is given by
h = 1 +
γ
γ − 1
p
ρ
= 1 +
4p
ρ
. (5)
2.1. Initial Condition
The density profile of freely expanding ejecta can gen-
erally be expressed as a function of the 4-velocity Γβ.
Specifically, we consider density profile described by a
broken power-law function with a break at Γβ = Γbrβbr.
The low-velocity component of the ejecta obeys a flat
distribution, ∝ (Γβ)0, while the high-velocity compo-
nent obeys a power-law distribution with an exponent
−n. Thus, the density profile is given by the following
function,
ρej(t, r) =

ρ0
(
t
t0
)−3 (
Γbrβbr
Γmaxβmax
)−n
for Γβ ≤ Γbrβbr ,
ρ0
(
t
t0
)−3 (
Γβ
Γmaxβmax
)−n
for Γbrβbr < Γβ ≤ Γmaxβmax .
(6)
We note that the flat part is introduced so that the total
kinetic energy of the ejecta does not diverge. Because
we are interested in ejecta whose trans-relativistic part
obeys a power-law function, we assume a non-relativistic
break velocity and set to Γbrβbr = 0.1. As we will see
below, the reverse shock does not reach the layer trav-
eling at this velocity even when the maximum ambient
gas density and the minimum ejecta energy are assumed.
Since the gas is assumed to be freely expanding, the ve-
locity is given by the radius r divided by the elapsed time
t,
β(t, r) =
r
t
. (7)
Furthermore, the ejecta are assumed to be cold, i.e., the
pressure is negligibly small and does not affect the dy-
namical evolution.
Some parameters, Γmax, βmax, and n, characterizing
the density profile have been introduced. The ejecta start
interacting with the surrounding gas at t = t0. The max-
imum Lorentz factor of the ejecta at the initial stage of
the dynamical evolution is denoted by Γmax. The corre-
sponding maximum velocity βmax is given by
βmax =
√
1− 1
Γ2max
. (8)
The exponent n describes the distribution of the kinetic
energy in the ejecta, i.e., ejecta with a larger value of
n have less kinetic energy in the outermost layer. The
normalization ρ0 of the density profile is determined in
the following way. We define the kinetic energy Erel of
the relativistic component of the ejecta (Γβ ≥ 1). The
characteristic density ρ0 is proportional to the kinetic
energy Erel. The following integration gives the relation
between these two quantities, ρ0 and Erel, for a given set
of t0 and Γmax,
Erel = 4pi
∫ βmaxt
βmint
ρejΓ(Γ− 1)r2dr. (9)
4Here βmin is set to 1/
√
2, which gives the 4-velocity of
unity, Γβ = 1. We denote the kinetic energy in units of
1051 erg by Erel,51. The total kinetic energy of the ejecta
obtained by the following integral,
Etot = 4pi
∫ βmaxt
0
ρejΓ(Γ− 1)r2dr, (10)
highly depends on the exponent n. The mass of the
trans-relativistic ejecta and the total mass of the ejecta
can be calculated in similar ways,
Mrel = 4pi
∫ βmaxt
βmint
ρejΓr
2dr, (11)
and
Mtot = 4pi
∫ βmaxt
0
ρejΓr
2dr. (12)
These quantities, Etot, Mrel, and Mtot, are proportional
to the kinetic energy Erel.
As noted in the previous section, several earlier stud-
ies (Matzner & McKee 1999; Tan et al. 2001; Nakayama
& Shigeyama 2005) investigated values of the expo-
nent n describing ejecta realized as a result of shock
propagation in a massive star in different regimes, i.e.,
non-relativistic, trans-relativistic, and ultra-relativistic
regimes. These studies focus on the emergence of
a strong shock wave from a stellar atmosphere with
spherical symmetry or in plane-parallel geometry. Tan
et al. (2001) showed that trans-relativistic and ultra-
relativistic parts of the ejecta are characterized by a
power-law function of the 4-velocity with an exponent
−5.2 and −1.1. For the emergence of an ultra-relativistic
shock wave from a stellar atmosphere, the self-similar so-
lution obtained by Nakayama & Shigeyama (2005) shows
the same dependence as Tan et al. (2001). On the other
hand, quasi-spherical ejecta with different kinetic energy
distributions could be produced as a result of the jet
propagation or a failed jet in a massive star. Therefore,
in this work, we consider ejecta with various values of
the exponent, n = 1, 2, 3, 4, and 5 and the maximum
Lorentz factor, Γmax = 10, 5 and 3, to examine how dif-
ferent sets of these parameters affect the kinetic energy
dissipation of the ejecta due to the collision with the am-
bient medium. The quantities, Etot, Mrel, and Mtot for
Erel,51 = 1 and different sets of the parameters are sum-
marized in Table 1. The total mass of the ejecta can be
very small especially for small values of n. This is because
we focus on ejecta traveling at relatively high velocities,
Γβ > 0.1 and normalize the distribution by using the rel-
ativistic component. The total masses in Table 1 do not
necessarily reflect the total mass of the whole supernova
ejecta. It is not our purpose to reproduce the density
distribution of supernova ejecta precisely.
The ejecta collide with an ambient medium whose den-
sity profile is a power-law function of the radius with an
Table 1. Total mass of relativistic ejecta in units of solar
mass for Erel,51 = 1
Γmax n Etot[10
51erg] Mrel [M] Mtot [M]
10 1 1.118 3.783×10−4 7.618×10−4
10 2 1.442 5.470×10−4 2.761×10−3
10 3 2.473 6.976×10−4 1.548×10−2
10 4 6.405 8.139×10−4 1.261×10−1
10 5 27.35 9.005×10−4 1.248×100
5 1 1.155 4.641×10−4 9.652×10−4
5 2 1.485 5.899×10−4 3.018×10−3
5 3 2.512 7.134×10−4 1.589×10−2
5 4 6.441 8.186×10−4 1.269×10−1
5 5 27.40 9.018×10−4 1.250×100
3 1 1.239 6.062×10−4 1.381×10−3
3 2 1.608 6.866×10−4 3.733×10−3
3 3 2.681 7.69×10−4 1.764×10−2
3 4 6.695 8.464×10−4 1.328×10−1
3 5 27.89 9.143×10−4 1.274×100
exponent −k,
ρa(r) = Ar
−k. (13)
In particular, we regard the ambient medium as a steady
wind at a constant mass-loss rate and thus set the ex-
ponent k to k = 2 throughout this work. The semi-
analytical model introduced below can be applied as long
as the forward shock decelerates in the ambient medium,
i.e., k < 3. For k > 3, the forward shock is expected
to accelerate and leave behind the interface between the
ejecta and the ambient medium. The time dependence of
physical quantities of the shocked gas can vary depending
on the exponent k(< 3). However, the temporal behav-
iors would not be qualitatively different. For a given set
of the mass-loss rate M˙ and the wind velocity vw, the
coefficient A is expressed as follows,
A =
M˙
4pivw
= 5.0× 1011M˙−5v−1w,3 g cm−1, (14)
where M˙ = 10−5M˙−5 M yr−1 and vw =
103 vw,3 km s
−1. Hereafter, A? stands for the parameter
A in units of 5×1011 g cm−1, A = 5×1011A? g cm−1 and
we use A? as the parameter describing the density of the
ambient medium. The ambient medium is also assumed
to be cold.
When the ejecta start colliding with the ambient
medium at t = t0, the ejecta fill a region from r = 0
to r = βmaxt0 and the outermost layer is adjacent to the
ambient medium at r = βmaxt0.
2.2. Thin Shell Approximation
After the ejecta start expanding and interacting with
the ambient medium, the hydrodynamical interaction of
the two media leads to the formation of a couple of shock
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waves, forward and reverse shocks, when the pre-shocked
pressure is sufficiently low at the interface between the
two media as assumed in this study.
As we have mentioned in Section 1, self-similar solu-
tions describing the dynamical evolution of the shocked
gas have been found in non-relativistic and ultra-
relativistic regimes. However, we cannot expect any an-
alytical solution for the trans-relativistic case, because
the shock jump conditions at the two shock fronts can-
not be simplified into convenient forms. In other words,
the characteristic variables of the shocked gas cannot be
expressed as simple power-law functions of time t unlike
the non-relativistic and ultra-relativistic cases. Despite
the difficulty, the shocked gas can be regarded as a ge-
ometrically thin shell at early stages of the evolution as
we will see below. Thus, we approximate the width of
the shell to be sufficiently small (referred to as “thin shell
approximation”) compared with the radius and solve the
equation of motion of the shell. We further assume that
the rest-mass energy of the shell dominates over the in-
ternal energy, p/ρ  1. The validity of these approxi-
mations will be checked in Section 3, where approximate
solutions are compared with results of numerical simula-
tions.
2.3. Temporal Evolution of the Shell
The dynamical evolution of the shell is determined by
the following competing effects, the deceleration by load-
ing mass, the supply of momentum through the shocks,
and the deceleration due to the difference in the post-
shock pressure, pfs and prs, at the forward and reverse
shocks. We denote the mass, the Lorentz factor, and the
velocity of the shell by Ms, Γs, βs, while the positions and
the velocities of the forward and reverse shocks are Rfs,
βfs, Rrs, and βrs. We model the temporal evolution of
the momentum Sr of the shell along the radial direction
as follows,
dSr
dt
+ 4piR2fsFfs−4piR2rsFrs = 4piR2fsprs−4piR2rspfs, (15)
The 1st and 2nd terms of the R.H.S. of Equation (15)
represent the force exerted by the post-shock pressure
at the reverse and forward shock fronts. The quanti-
ties −Ffs and Frs in the L.H.S. of Equation (15) denote
the momentum fluxes of gas flowing into the shocked re-
gion through the forward and the reverse shocks, which
reflects the momentum conservation. Since the ambi-
ent medium is moving at a velocity much smaller than
the ejecta, we neglect the contribution from the ambient
medium to the momentum gain of the shell and thus set
the corresponding flux to zero, Ffs = 0. On the other
hand, the ejecta predominantly supply the shell with the
momentum through the reverse shock. The correspond-
ing momentum flux Frs is described as follows,
Frs = ρej,rsΓ
2
ej,rsβej,rs(βej,rs − βrs), (16)
where ρej,rs, Γej,rs, and βej,rs are the density, the Lorentz
factor and the velocity of the pre-shocked ejecta at the
reverse shock front.
Next, the temporal evolution of the mass of the shell
can be treated in a similar way to the momentum. The
mass of the shocked gas continuously increases as the
forward and reverse shocks sweep the ambient medium
and the ejecta. The governing equation is expressed as
follows,
dMs
dt
+ 4piR2fsGfs − 4piR2rsGrs = 0. (17)
The mass fluxes −Gfs and Grs flowing into the shocked
region through the forward and reverse shocks are ex-
pressed as follows,
Gfs = ρa,fsΓa,fs(βa,fs − βfs) = −ρa,fsβfs, (18)
and
Grs = ρej,rsΓej,rs(βej,rs − βrs). (19)
Here, ρa,fs, Γa,fs, and βa,fs denote the density, the Lorentz
factor, and the velocity of the pre-shocked ambient
medium at the forward shock. Since the velocity of the
ambient medium is negligibly small compared to the ve-
locity of the shell, it is set to zero, βa,fs = 0, and then
the R.H.S of Equation (18) is obtained.
The momentum Sr is expressed in terms of Ms, Γs,
and βs as follows,
Sr = MsΓsβs, (20)
which can be solved with respect to the Lorentz factor
for a given set of the momentum and the mass,
Γs =
√
1 +
S2r
M2s
. (21)
The radius of the shell evolves according to the follow-
ing equation,
dRs
dt
= βs. (22)
The temporal evolution of the forward and reverse shock
radii, Rfs and Rrs, are governed by similar equations,
dRfs
dt
= βfs, (23)
and
dRrs
dt
= βrs. (24)
These equations can be integrated in a straightforward
way, once the velocities, βs, βfs, and βrs, are obtained.
62.4. Shock Jump Conditions
The shock velocities, βrs and βfs, and the hydrodynam-
ical variables of the post-shock gas, ρfs, pfs, ρrs, and prs,
at the forward and reverse shocks appears in the govern-
ing equations introduced in the previous section. To in-
tegrate the governing equations, these quantities should
be calculated for a given set of the shock radii, Rfs and
Rrs and the velocity of the shell βs, or the correspond-
ing Lorentz factor Γs. The shock jump conditions give
these quantities. The derivation of the shock jump con-
dition is described in detail elsewhere (see, Appendix of
the previous paper, Suzuki & Shigeyama (2014), some
textbooks, or review papers, such as Landau & Lifshitz
(1987); Mart´ı & Mu¨ller (2003)) and we will not repeat
the derivation in this paper.
The shock velocity βsh is generally expressed as a func-
tion of the velocity βu and the Lorentz factor Γu of the
gas in the upstream and those, βd and Γd, in the down-
stream as follows,
βsh(βu, βd)
=
γΓuΓ
2
d(βu − βd)βd − (γ − 1)(Γu − Γd)
γΓuΓ2d(βu − βd)− (γ − 1)(Γuβu − Γdβd)
, (25)
when the pressure in the upstream is negligible. Once the
shock velocity βsh is obtained and the pre-shock density
ρu is known, the post-shock density ρd and pressure pd
are found from the following relations,
ρd = ρu
Γu(βu − βsh)
Γd(βd − βsh) , (26)
and
pd =
ρuΓ
2
u(βu − βd)(βu − βsh)
1− βdβsh , (27)
where Γsh = (1− β2sh)−1/2 is the shock Lorentz factor.
2.4.1. Forward Shock
For the forward shock, the pre-shock velocity is equal
to zero and the pre-shock density ρa,fs is obtained by
substituting the forward shock radius Rfs into the density
profile of the ambient medium, Equation (13),
ρa,fs = AR
−2
fs . (28)
Thus, regarding the shell velocity βs as the post-shock
velocity, the forward shock velocity βfs is obtained as
follows,
βfs = βsh(0, βs). (29)
Using the shock velocity, the forward shock Lorentz fac-
tor Γfs, the post-shock density ρfs, and the post-shock
pressure pfs can be calculated as follows,
Γfs =
1√
1− β2fs
, (30)
ρfs = ρa,fs
βfs
Γs(βfs − βs) , (31)
and
pfs = ρa,fs
βsβfs
1− βsβfs . (32)
2.4.2. Reverse shock
The reverse shock propagates in the freely expanding
ejecta. Thus, the pre-shock values, βej,rs and ρej,rs, of the
velocity and the density are given by
βej,rs =
Rrs
t
, (33)
and
ρej,rs = ρej(t, Rrs). (34)
The reverse shock velocity is determined in a similar way
to the forward shock,
βrs = βsh(βej,rs, βs). (35)
Once the reverse shock velocity is obtained, the reverse
shock Lorentz factor Γrs, the post-shock density ρrs, and
the post-shock pressure prs are evaluated as follows,
Γrs =
1√
1− β2rs
, (36)
ρrs = ρej,rs
Γej,rs(βej,rs − βrs)
Γu(βs − βrs) , (37)
and
prs =
ρej,rsΓ
2
ej,rs(βej,rs − βrs)(βej,rs − βs)
1− βsβrs . (38)
2.5. Non-relativistic and Ultra-relativistic Limits
When the velocity of the shell is much smaller than the
speed of light (“non-relativistic regime”) or the Lorentz
factor of the shell is much larger than unity (“ultra-
relativistic regime”), self-similar solutions describing the
flow are known (Chevalier 1982; Nakamura & Shigeyama
2006). In the following, we consider the relation between
our model and the non-relativistic and ultra-relativistic
cases by reproducing the temporal behavior of the shell
in these two limits.
2.5.1. Non-relativistic Regime
The density profile in the non-relativistic limit is ob-
tained by setting Γ = 1 in Equation (6),
ρej,NR ∝ t−3β−n. (39)
The dependence of the shell velocity βs on time t is same
as the shell radius divided by time t, βs ∝ Rs/t. Since
the flow is self-similar, the forward and reverse shock
velocities are proportional to that of the shell. Therefore,
the pressure of the gas in the downstream of the reverse
shock, Equation (38), should satisfy
prs,NR ∝ t−3β−n+2s , (40)
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under the limit of βs, βrs, βej,rs  1. On the other hand,
Equation (32) gives the following relation for the gas
pressure in the downstream of the forward shock,
pfs,NR ∝ t−kβ−k+2s . (41)
The time dependence of physical variables of the flow
can be obtained by imposing the condition that the de-
pendence of the post-shock pressure at the forward and
reverse shock fronts on the time t should be identical,
pfs/prs ∝ t0. The condition pfs,NR/prs,NR ∝ t0 gives the
time dependence of the velocity βs,
βs,NR ∝ t(k−3)/(n−k). (42)
Thus, the radius of the shell evolves as follows,
Rs,NR ∝ βs,NRt ∝ t(n−3)/(n−k), (43)
which agrees with the dependence derived by Chevalier
(1982).
2.5.2. Ultra-relativistic Regime
In the ultra-relativistic regime, Equations (32) and
(38) lead to,
pfs,UR ∝ t−kΓ2s , (44)
and
prs,UR ∝ t−3Γ−ns . (45)
Therefore, one obtains the following time dependence of
the Lorentz factor,
Γs,UR ∝ t−(3−k)/(n+2), (46)
by using the condition pfs,UR/prs,UR ∝ t0. This is con-
sistent with the time dependence of the Lorentz fac-
tor in the self-similar solution found by Nakamura &
Shigeyama (2006).
2.6. Initial Velocity of the Shell
One has to evaluate the initial velocity of the shell to
integrate Equations (15), (17), (22), (23), and (24). The
outermost layer of the freely expanding ejecta is initially
adjacent to the ambient medium at r = βmaxt0. At the
very beginning of the hydrodynamical interaction, the
forward and reverse shock radii are identical with the
interface, r = βmaxt0, at which the following pressure
balance is achieved in the shell,
pfs = prs. (47)
By evaluating the pre-shocked density and the velocity
of the ejecta and the ambient medium at r = βmaxt0, the
pressure pfs and prs can be calculated for a given value of
the shell velocity βs. Thus, the initial value of the shell
velocity can be determined as the velocity satisfying the
above pressure condition for a given set of the time t0, the
maximum velocity βmax, the parameter A?, the exponent
n, and the kinetic energy Erel. In fact, this procedure is
identical with solving a shock tube problem of special
relativistic hydrodynamics.
Once the initial velocity is obtained, Equations (15),
(17), (22), (23), and (24) can be integrated. For a given
set of the variables Ms(t), βs(t), and Rs(t) at t, their
values at the next time step t+∆t are explicitly obtained
from the equations discretized in time. Then, Equation
(21) is used to find the Lorentz factor of the shell.
Results of the integration for several sets of the free
parameters are shown in the next section and compared
with one-dimensional hydrodynamic simulations.
3. NUMERICAL SIMULATIONS
We perform simulations of the hydrodynamical interac-
tion for several sets of the free parameters by numerically
solving the equations of special relativistic hydrodynam-
ics, Equations (1) - (5). Our method to integrate the
equations is described in the previous paper (Suzuki &
Shigeyama 2014).
The radial coordinate of the numerical domain ranges
from r = 108 cm to r = 4× 1013 cm. An adaptive mesh
refinement (AMR) technique is implemented in the code
to efficiently capture discontinuities. The whole numer-
ical domain is covered by 1024 cells (“base grid”) with
the AMR refinement level of l = 0. The size of a cell is
halved when the cell needs a finer resolution. The max-
imum refinement level is set to lmax = 12, which gives a
resolution finer by a factor of 212 = 4096 than the base
grid.
3.1. Initial and Boundary Conditions
The following initial conditions are imposed on the
density, velocity, and pressure profiles. The ejecta and
the ambient medium are initially separated at r =
βmaxt0. The density and the velocity profiles at t = t0
are given by
ρ(t0, r) =
{
ρej(t0, r) for r ≤ βmaxt0,
ρa(r) for r > βmaxt0,
(48)
and
β(t0, r) =
{
r
t0
for r ≤ βmaxt0,
0 for r > βmaxt0.
(49)
We assume the following pressure profile,
p(t0, r) = 10
−3ρ(t0, r), (50)
so that the pressure does not affect the dynamical evo-
lution of the ejecta. At the inner and outer boundaries,
free boundary conditions are imposed.
3.2. Results
We carry out simulations with several sets of the free
parameters. The initial time t0 and the exponent n are
fixed to be t0 = 10.0 s and n = 4 in all calculations.
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Figure 1. Radial profiles of the AMR refinement level,
the Lorentz factor, the density, and the pressure at t =
100, 200, 400, and 800 s. The parameters of the ejecta
and the ambient medium are set to be t0 = 10 s, n = 4,
Erel,51 = 1.0, Γmax = 10, and A? = 10.
In order to see the dependence of the evolution of the
shell on the maximum Lorentz factor, we calculate mod-
els with different maximum Lorentz factors Γmax = 10, 5,
and 3, while the kinetic energy and the ambient density
are fixed, Erel,51 = 1.0 and A? = 10. In addition, we cal-
culate models with a larger ambient density A? = 1000
and different kinetic energies Erel,51 = 1.0, 0.1, and 0.01.
In the latter models, the shell effectively decelerates by
sweeping the dense ambient medium and a transition
from relativistic to non-relativistic speeds is realized.
Figures 1 and 2 show results of the simulation with
Erel,51 = 1.0, Γmax = 10, and A? = 10. In Figure 1, the
radial profiles of the Lorentz factor, the density, and the
pressure at t = 10, 100, 200, 400, and 800 s are shown.
The AMR refinement level is also plotted as a function
of the radial coordinate in the top panel of Figure 1. Im-
mediately after the simulation starts, a shell composed
of the shocked ejecta and the shocked ambient medium
forms around the interface between the two media. The
width of the shell is much smaller than its radius, ensur-
ing the validity of the thin shell approximation adopted
in the previous section. The profiles of these variables
around the shock fronts are presented in Figure 2. In
addition to the quantities shown in Figure 1, the radial
profiles of p/ρ, which is proportional to the specific inter-
nal energy, are also plotted. The two shock fronts and the
contact discontinuity separating the shocked ejecta and
the shocked ambient medium are clearly resolved thanks
to the AMR technique.
The positions of the forward and reverse shock fronts,
the 4-velocity of the shell, and the post-shock pressures
at the forward and reverse shock fronts at time t are ob-
tained by the semi-analytical model. In each panel of
Figure 2, the positions of the forward and reverse shock
fronts are presented as dashed and dotted vertical lines.
The semi-analytical model predicts slightly smaller shock
radii. However, the differences are not significant. In Fig-
ures 3 and 4, the temporal evolutions of these quantities
are plotted. For the shock radii Rfs and Rrs, we plot the
differences, t − Rfs/c and t − Rrs/c, between r = ct and
the radii divided by the speed of light. The dashed line
in the 4-velocity evolution shows the 4-velocity of the
shell in the semi-analytical calculation and the dashed
and dotted lines in the pressure evolution show the for-
ward and reverse shock pressures. The solid line in each
panel shows a good agreement with dashed and dotted
lines, suggesting that the semi-analytical method devel-
oped in the previous section well describes the dynamical
evolution of the shell resulting from the ejecta-ambient
medium interaction.
In Figure 3, models with different maximum Lorentz
factors Γmax = 10, 5, and 3 are compared. Although
the initial 4-velocity of the shell can differ from each
other, these models exhibit similar evolutions after the
high Lorentz factor component has been swept and the
4-velocity reaches a few, Γβ ' 2. Thus, the maximum
Lorentz factor of the shell does not influence the dynam-
ical evolution at later epochs. In Figure 4, we show
models in which the shell efficiently decelerates due to
the small kinetic energy and the high ambient density.
Even when the 4-velocity becomes smaller than unity,
the semi-analytical model works well.
3.3. Comparison of Semi-analytical Model with
Numerical Results and Self-similar solutions
The temporal evolution of the variables can also be
compared with that of the self-similar solution in the
ultra-relativistic regime. Setting the exponents in Equa-
tion (46) to k = 2 and n = 4, one finds that the Lorentz
factor Γs and the post-shock pressure of the shocks evolve
as,
Γs,UR ∝ t−0.167, pfs,UR ∝ t−2.33, (51)
in the ultra-relativistic regime.
We fit power-law functions of time t to the Lorentz fac-
tor and the forward shock pressure of the semi-analytical
model with Γmax = 10 and find that they evolve as
Γs ∝ t−0.157, pfs ∝ t−2.33. (52)
The time dependence of the Lorentz factor deviates from
the self-similar solution because the ejecta velocities are
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Figure 2. Enlarged views of the radial profiles shown in Figure 1. The forward shock in the ambient medium, the
reverse shock in the ejecta, and the contact discontinuity separating the shocked ambient medium and ejecta are clearly
resolved. The bottom panel in each snapshot shows the profile of p/ρ. The dashed and dotted vertical lines in each
panel correspond to the positions of the forward and reverse shock fronts predicted by the semi-analytical model.
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Figure 3. Temporal evolutions of the shock radii, the Lorentz factor, and the pressure. Models with different maximum
Lorentz factors Γmax = 10 (left), 5 (center), and 3 (right) and fixed values of the kinetic energy Erel,51 = 1.0, the
exponent n = 4, the initial time t0 = 10 s, and the ambient density A? = 10 are shown. In each model, the evolutions
of the shock radii or the shell radius (top), the 4-velocity of the shell (middle), and the pressure (bottom) are presented.
In all panels, the solid lines show these quantities obtained from numerical simulations, while the dashed and dotted
lines show those of the semi-analytical model. In the upper panels, the dashed and dotted lines correspond to the
forward and reverse shocks. In the middle panels, the dashed line correspond to the 4-velocity of the shell. In the
bottom panels, the dashed and dotted lines show the post-shock pressures at the forward and reverse shock fronts.
10 2
10 1
100
101
102
103
104
/
[]
, = . , = , =
/
/
Numerical
0
1
2
3
4
5
6
7
8
Numerical
101 102 103 104
time [s]
107
108
109
1010
1011
1012
1013
1014
P
re
ss
u
re
 [
e
rg
 c
m
]
Numerical
10 2
10 1
100
101
102
103
104 ,
= . , = , =
/
/
Numerical
0
1
2
3
4
5
6
7
8
Numerical
101 102 103 104
time [s]
107
108
109
1010
1011
1012
1013
1014
Numerical
10 2
10 1
100
101
102
103
104 ,
= . , = , =
/
/
Numerical
0
1
2
3
4
5
6
7
8
Numerical
101 102 103 104
time [s]
107
108
109
1010
1011
1012
1013
1014
Numerical
Figure 4. Same as Figure 3, but for models with different kinetic energies Erel,51 = 1.0 (left), 0.1 (center), and 0.01
(right) and a relatively high ambient density A? = 1000.
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mildly relativistic. The deviation is larger for models
with smaller maximum Lorentz factors. In fact, the
temporal evolution of the Lorentz factor realized in the
models with Γmax = 5 and 3 shown in Figure 3 can-
not be well fitted by a simple power-law function. This
clearly demonstrates that the self-similar approach fails
for mildly relativistic ejecta.
4. EMISSION FROM THE SHOCKED GAS
In the previous section, it has been confirmed that the
semi-analytical model well agrees with numerical simu-
lations. Then, in this section, we use the semi-analytical
model to investigate the expected emission from the
shocked gas. We assume that the ejecta are produced
by an explosion of a star having lost its hydrogen and
helium layers and the stellar atmosphere is mainly com-
posed of oxygen. Thus, we set the mass number and the
atomic number of ions to Ai = 16 and Zi = 8.
4.1. Temporal Evolution of the Shell
The kinetic energy of the ejecta dissipated via the re-
verse shock could be a plausible source of high-energy
emission from the shell. The rate of the dissipation is
governed by the dynamical evolution of the shell. From
the semi-analytical model, one can evaluate the internal
energy of the shell at time t in the following way.
The internal energy Es(t) of the shell evolves according
to the following equation,
dEs
dt
+ 4piR2fsHfs − 4piR2rsHrs
= − Es
3Vs
dVs
dt
−
(
dE
dt
)
rad
, (53)
where the energy fluxes Hfs and Hrs through the froward
and reverse shock fronts are given by,
Hfs = 4pfsΓ
2
s (βs − βfs), (54)
and
Hrs = 4prsΓ
2
s (βs − βrs). (55)
Here, we have introduced the volume of the shell,
Vs =
4pi
3
(R3fs −R3rs). (56)
The 2nd and 3rd terms in the L.H.S. of Equation (53)
describe the rate of the change in the internal energy of
the shell per unit time due to the shock passage, while the
1st and 2nd terms in the R.H.S. describe the energy loss
per unit time due to adiabatic expansion and radiative
diffusion. We evaluate the adiabatic loss term, which
reflects the work done by the shell, as follows,
Es
3Vs
dVs
dt
=
4pi(R2fsβfs −R2rsβrs)
Vs
Es. (57)
As discussed in Appendix A, the expression of the ra-
diative diffusion term, Equation (A14), can be obtained
by considering diffusion of photons in a geometrically
thin shell moving at a relativistic speed,(
dE
dt
)
rad
= 4piR2suph
1− β2s
(3 + β2s )τ + 2βs
. (58)
We assume that the internal energy of the shell is domi-
nated by radiation, i.e., the radiation energy density uph
in Equation (A14) is identical with the internal energy
density uint of the gas in the shell, uph = uint. We calcu-
late the value by dividing the internal energy Es of the
shell by the volume,
uint =
Es
Vs
. (59)
We will check the consistency of this assumption below.
Furthermore, under the thin shell approximation, the to-
tal optical depth τ of the shell for electron scattering is
given by,
τ =
κesMs
4piR2s
, (60)
where κes = 0.2 cm
2 g−1 is the electron scattering
opacity for hydrogen-free gas (e.g., Rybicki & Lightman
1979). These equations can easily be integrated along
with Equations (15) and (17). Since the diffusion ap-
proximation used to derive the expression of (dE/dt)rad
is no longer valid after the shell becomes transparent to
photons, τ < 1, we stop the integration when the optical
depth of the shell becomes unity at t = ttr.
The temporal evolution of the internal energy Es, the
average density ρav, the average specific internal energy,
and the optical depth τ of the shell for models with sev-
eral values of the parameter A? are shown in Figure 5.
The average density of the shell is evaluated by dividing
the mass Ms by the volume Vs and the Lorentz factor Γs
of the shell, ρav = Ms/(ΓsVs). The average specific inter-
nal energy is calculated by dividing the internal energy
Es by the mass Ms and the Lorentz factor Γs, Es/(MsΓs).
As shown the radial profiles of p/ρ in Figure 2, the dif-
ference in the relative velocities of the forward and re-
verse shocks results in quite different values of the ratio
p/ρ, which is proportional to the specific internal en-
ergy, of the shocked ambient gas and the shocked ejecta.
Thus, it should be noted that the specific internal energy
Es/(MsΓs) only gives an averaged value over the entire
shocked region. In the models, the time t0, the kinetic
energy Erel, the maximum Lorentz factor Γmax, and the
exponent n are fixed to t0 = 10 s, Erel,51 = 1, Γmax = 5,
and n = 4, while the parameter A? is set to A? = 10,
100, and 1000. For larger values of the parameter A?, the
kinetic energy dissipation is more efficient and the time
scale ttr becomes longer. In early stages of its temporal
evolution, the internal energy of the shell continues to
increase as it is supplied by the reverse shock. For mod-
els with larger A?, the internal energy starts decreasing
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Figure 5. Temporal evolutions of the internal energy,
the average density, the average specific internal energy,
and the total optical depth of the shell calculated by the
semi-analytical model from top to bottom. Models with
A? = 10, 100, and 1000 are shown. The kinetic energy
Erel, the time t0, the maximum Lorentz factor Γmax, and
the exponent n are fixed to be Erel,51 = 1.0, t0 = 10 s,
Γmax = 5, and n = 4.
afterward, because the contribution of the radiative loss
eventually becomes significant. For models with smaller
A?, the shell becomes transparent to photons before the
internal energy starts decreasing. The average density
of the shell continues to decline almost throughout its
evolution due to the expansion of the shell. The optical
depth of the shell increases at first and then exhibits its
peak at around t ' 20 s, followed by a steady decline
toward τ = 1.
4.2. Some Important Time Scales
We have assumed that the internal energy of the shell
is dominated by radiation. This treatment implicitly as-
sumes that the internal energy of the gas in the shell is
efficiently converted to radiation. In the following, we
check the consistency of the assumption.
Some authors have already estimated the time scales of
the ion-electron thermal equilibrium, photon production,
and the Compton cooling, especially for non-relativistic
cases (e.g., Chevalier & Irwin 2012). We calculate these
time scales in similar ways for our particular cases.
4.2.1. Condition of Ejecta at the Beginning of the
Interaction
At first, we estimate the energy density of the radi-
ation field around the interface between the ejecta and
the ambient medium at the beginning. Although we do
not assume any specific process to produce the ejecta,
they are supposed to be the stellar atmosphere acceler-
ated and ejected by the passage of a strong shock wave.
Thus, as usually expected in the context of supernova
shock breakout, gas at the outermost layer of the ejecta is
heated by the shock passage. For a compact star with the
radius ∼ 1R and the mass ∼ 10 M, the temperature
of the gas is expected to be of the order of Tbr ∼ 107 K
after being swept by the shock and produce thermal pho-
tons at a similar temperature (Matzner & McKee 1999).
Therefore, we can expect a radiation energy density of
uph ' arT 4br ∼ 1014 erg cm−3, where ar is the radia-
tion constant, around the shell at the beginning of its
dynamical evolution.
We have assumed that the ejecta is cold when we for-
mulate our semi-analytical model. The shocked gas actu-
ally has comparable amounts of the kinetic and internal
energies after the passage of the shock wave. However,
since the internal energy is soon lost by adiabatic ex-
pansion, the radiation pressure does not affect the dy-
namical evolution of the shocked gas so much. Thus,
the assumption of the cold ejecta remains valid and our
semi-analytical model still works well even when the ini-
tial temperature of Tbr ∼ 107 K is assumed.
The number density nph of the photons at the outer-
most layer of the ejecta is estimated to be arT
3
br/kB ∼
5× 1022 cm−3, where kB is the Boltzmann constant. On
the other hand, the number densities, ni and ne, of ions
and electrons, are of the order of ρav/mu ∼ 1017 cm−3,
where mu is the atomic mass unit, even when the den-
sity of the shell takes the maximum value of ρav ∼
10−7 g cm−3 (see, Figure 5). Thus, the photon num-
ber density dominates over the ion and electron number
densities in the ejecta. This leads to an important con-
sequence that the energy density of photons also domi-
nates over those of ions and electrons when these par-
ticles efficiently exchange their energies and the tem-
perature of these components takes the same value T ,
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nphkBT  nikBT, nekBT .
4.2.2. Ion-Electron Equilibrium Time Scale
Since the freely expanding ejecta primarily supply the
shell with the energy and momentum through the re-
verse shock, we consider the shocked gas at the reverse
shock front. Immediately after the passage of the shock
front, ions and electrons are separately heated and even-
tually share the thermal energy. The ratio of the ion
temperature Ti to the electron temperature Te is at most
Ti/Te ∼ mi/me, where mi and me are the masses of a
single ion and electron. Thus, the thermal energy of ions
is expected to dominate the internal energy of the gas
immediately behind the reverse shock front. The time
scale required to achieve the ion-electron thermal equi-
librium depends on the microscopic process responsible
for the energy exchange between ions and electrons.
One of the well-known ways to establish the thermal
equilibrium between ions and electrons is Coulomb colli-
sion. Ions heated by the shock passage repeatedly collid-
ing with electrons to achieve the thermal balance. The
time scale tie required for ions with the mass number Ai
and the atomic number Zi to lose a considerable fraction
of its thermal energy is given by,
tie =
3A2i mem
2
uc
3
8(2pi)1/2ρZ3i e
4 ln Λ
(
kBTe
mec2
+
kBTi
Aimuc2
)3/2
, (61)
in cgs unit (e.g., Spitzer 1962), where e is the elementary
charge. Here, ln Λ is the so-called Coulomb logarithm
and set to ln Λ = 20.
We calculate the time scale tie in the rest frame of the
shell by assuming that the internal energy of the gas in
the downstream of the reverse shock is dominated by that
of ions, Ti  Te, and using the following relation,
3prs =
ρrskBTi
Aimu
, (62)
to determine the ion temperature. Then, we obtain the
corresponding time scale Γstie in the frame where the
center of the ejecta is at rest. The top panel of Figure
6 shows the calculated time scale Γtie as a function of
time t for the same models as Figure 5. As shown in
Figure 6, the equilibrium time scales are much shorter
than the dynamical time t. We have also confirmed that
the equilibrium time scales for models with smaller and
larger kinetic energies, Erel,51 = 0.01, 0.1, 1, and 10,
are sufficiently short to achieve the ion-electron thermal
equilibrium. Therefore, electrons in the downstream of
the reverse shock are expected to possess a significant
fraction of the internal energy of the shocked gas as well
as ions.
4.2.3. Thermal Equilibrium Time Scale
Thermal equilibrium between gas and radiation is
achieved when processes absorbing and creating photons
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Figure 6. Time scales for ion-electron thermal equi-
librium tie (top), gas-radiation thermal equilibrium teq
(middle), and Compton cooling tcool (bottom) as func-
tions of time t for the same models as Figure 5. The time
scales are measured in the frame in which the center of
the ejecta is at rest.
are quickly balanced. Since the shocked gas is hot and di-
lute, the most important radiative process to create pho-
tons is expected to be free-free emission. Therefore, we
estimate the time scale teq required for free-free emission
to produce radiation with an energy density uph compa-
rable to the internal energy uint.
Adopting the following frequency-integrated energy
generation rate per unit volume per unit time for free-free
emission,
ff = 5.5× 1020ρ2T 1/2Z
3
i
A2i
erg cm−3 s−1, (63)
(e.g., Rybicki & Lightman 1979), where the gaunt factor
is neglected for simplicity, the time scale teq is estimated
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as follows,
teq =
u′int
ff
, (64)
where u′int is the internal energy density in the rest frame
of the shell and is estimated by u′int ∼ uint/Γ2s . The
temperature of the gas is calculated by assuming ion-
electron thermal equilibrium. The middle panel of Figure
6 shows the thermal equilibrium time scale Γsteq, which
indicates that only models with significantly large am-
bient gas density A?(' 1000) can maintain the balance
between absorption and creation of photons and produce
radiation with the energy density uint.
4.2.4. Compton Cooling Time Scale
Electrons in the shocked gas can lose their energies
via repeated Compton scattering. In the following, we
estimate the time scale for a single electron swept by the
reverse shock to lose a considerable fraction of the energy
by scattering off photons.
For the density and the internal energy density real-
ized in this circumstance, the average energy of a sin-
gle electron in the downstream of the reverse shock is
much larger than the electron rest energy. In other
words, the random motion of the electrons can be rel-
ativistic. This is a natural consequence because we can
regard that ions and electrons are efficiently coupled and
the shock is mildly relativistic. As seen in Figure 2,
the ratio of the Lorentz factors of the pre-shocked and
shocked ejecta is ' 1.1, which corresponds to a rela-
tive velocity of vrel ' 0.4. The kinetic energy per sin-
gle ion of ∼ Aimuv2rel is dissipated at the reverse shock
and a considerable fraction of this energy is shared by
ions and electrons in the downstream. Thus, the aver-
age Lorentz factor of the random motion of electrons in
the shocked gas can be estimated from the condition,
γeme ' Aimuv2rel/(Zi + 1), which yields
γe ' Aimuv
2
rel
(Zi + 1)me
= 2.8× 102 Ai
Zi + 1
(vrel
0.4
)2
. (65)
The Compton cooling time tcool of an electron with
a Lorentz factor γe in a radiation field with an energy
density uph is given by,
tcool =
3mec
4σTuphγe
'4× 10−6γ−1e
(
uph
1014 erg cm−3
)−1
s. (66)
When the initially expected radiation energy density
uph ∼ 1014 erg cm−3 is assumed, the cooling time scale
is much shorter than the dynamical time scale even for
γe = 1. Thus, we can expect that electrons in the shell
rapidly transfer their internal energies into radiation.
Once the internal energy density of the gas is dominated
by radiation, uint ' uph, at an early epoch, the cooling
time scale at later epochs can be estimated by substitut-
ing u′int, which is calculated by Equation (59), into uph
in Equation (66). As long as the condition Γstcool  t is
satisfied, the Compton cooling of electrons is efficient and
thus the assumption uint ' uph is valid. The temporal
evolution of the cooling time scales for the same models
as in Figure 5 are presented in the bottom panel of Figure
6, suggesting that Γstcool  t is satisfied. Thus, we can
assume that the energy exchange between electrons and
photons is so efficient that uph ' uint is maintained even
when the equilibrium between absorption and emission
of photons is not achieved.
4.3. Bolometric Light Curve
We consider the bolometric light curve of the emis-
sion from the shell seen by a distant observer. Figure 7
schematically represents the geometry considered here.
The observer sees the shell expanding and emitting pho-
tons. We consider a photon emitted from a part of the
shell traveling at an angle θ with respect to the line of
sight at time t. The intensity at the emitting point is
given as a function of time t and the angle θ′ specifying
the direction of the photon ray with respect to the radial
direction. Assuming the distance D from the center of
the ejecta to the observer is much larger than the shell
radius Rs, the angle θ
′ between the photon ray and the
radial direction is approximately equal to θ, θ′ ' θ. We
regard that the photons reaching the observer at an an-
gle χ with respect to the line of sight at time tobs. The
photon travels at a distance d given by
d =
√
D2 − 2DRs cos θ +R2s ' D −Rs cos θ, (67)
before arriving at the observer, which leads to the follow-
ing relation between the times, t and tobs, of the emission
and detection of the photon,
t = tobs − d
c
' tobs − D −Rs cos θ
c
. (68)
The angle χ is expressed in terms of θ, Rs, and D, in the
following way,
tanχ =
Rs sin θ
D −Rs cos θ , (69)
which can be approximated as follows,
χ ' Rs
D
sin θ. (70)
The intensity of the emission seen by the observer at the
angle χ and time t is identical with that at the emitting
point at θ and tobs−d/c. Therefore, in the absence of an
ambient medium, the flux at the observer is expressed as
follows,
F (tobs) ' 2piR
2
D2
∫ pi/2
0
I(tobs − d/c, θ) sin θ cos θdθ. (71)
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Figure 7. Schematic view of the configuration considered in the light curve calculation.
When the ambient medium ahead of the shell is op-
tically thick, the energy of radiation diffusing out from
the shell is at first deposited into the medium. How the
deposited energy is transferred in the ambient medium
before being detected by the observer depends on the op-
tical depth τa of the ambient medium measured from the
emitting point specified by the radius Rs and the angle θ
to the observer. Introducing a constant effective opacity
κeff , we calculate the optical depth τa by integrating the
density profile ρa(r) along the path. For a distance D
much larger than the shell radius Rs, the photon travels
almost parallel to the line of sight. Therefore, the optical
depth can be approximated as follows,
τa(Rs, θ) ' κeffA
Rs
∫ ∞
0
ds
1 + 2s cos θ + s2
. (72)
Electron scattering is again expected to be the dominant
radiative process in the ambient medium, because the
gas can be as hot as the outermost layer of the ejecta,
whose temperature is expected to be T ∼ 107 K, once it
is illuminated by the emission from the layer. However,
it is difficult to analytically determine when and what
fraction of the radiation energy having deposited into
the ambient medium escapes through the photosphere,
since the transfer of the energy in the ambient medium
includes scattering processes. Therefore, we adopt the
following way to roughly estimate the bolometric lumi-
nosity at observer time tobs and see how different values
of κeff affect the bolometric light curve. A fraction e
−τa
of photons is expected to escape the ambient medium
without being scattered by electrons. Thus, we only ac-
count for these freely escaping photons and calculate the
flux of the emission in the following way,
F (tobs) ' 2piR
2
s
D2
×
∫ pi/2
0
I(tobs − d/c, θ)e−τa(Rs,θ) sin θ cos θdθ. (73)
The bolometric luminosity is given by
Lbol(tobs) = 4piD
2F (tobs). (74)
When κeff = κes is adopted, the luminosity evaluated
above gives the lower limit on the bolometric luminosity,
since we do not treat scattered photons, whose energy is
(1 − e−τa) of the total amount. The scattered photons
escape the ambient medium with a delay and make the
emission brighter at later epochs. We also evaluate the
bolometric luminosity with κeff = 0 and 0.1 cm
2 g−1.
Setting κeff = 0 means that the deposited radiation en-
ergy directly seen by the observer and thus roughly gives
the upper limit on the bolometric luminosity.
Here we consider the angular distribution of the inten-
sity. The radiation field is anisotropic due to the rel-
ativistic beaming effect, which makes the visible region
from the observer only a part of the entire surface area
of the shell. In order to see how the relativistic beaming
affects the bolometric light curve, we employ the follow-
ing simplified form of the intensity. When the shell is
traveling at a velocity βs, outgoing photons emitted by
the shell are confined in a cone with the direction cosine
larger than the velocity, cos θ ≥ βs. We simply assume
that the intensity is uniform within the cone and other-
wise vanishes,
I(t, θ) =
{
uph
pi[(3+β2s )τ+2β
2
s ]
for cos θ ≥ βs,
0 otherwise.
(75)
One can easily check that the flux multiplied by the sur-
face area 4piR2s of the shell is identical with the radiative
energy loss rate, Equation (58),
4piR2s
∫ pi/2
0
2piI(t, θ) cos θ sin θdθ
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= 4piR2suph
1− β2s
(3 + β2s )τ + 2βs
. (76)
In the calculation of bolometric light curves, we assume
that the shell is at the origin, Rs = 0, at t = 0. Then,
the observer time corresponding to t = 0 leads to tobs =
D/c from Equation (68). However, this does not mean
that the observation starts at tobs = D/c. When this
event is observed by some instrument, the trigger of the
observation would be delayed from tobs = D/c. Thus,
we denote the trigger time of the observation by tobs,0
and plot light curves for different trigger times including
tobs,0 = D/c to see how different trigger times affect the
light curves.
Finally, we should note that the shock curvature can
effectively modify the bolometric light curve when the
shock front is highly aspherical as suggested in the con-
text of supernova shock breakout (Suzuki & Shigeyama
2010; Suzuki et al. 2016). Although we assume a spheri-
cal shell in this study, highly aspherical blast waves may
arise in stellar explosions producing trans-relativistic
ejecta.
4.3.1. Emission Timescale
At first, we consider the time scale of the emission. In
the following consideration, we set tobs.0 = D/c. When
we focus on a part of the shell traveling parallel to the
line of sight, θ = 0, the observer time is given by
tobs − tobs,0 = t− Rs
c
. (77)
Thus, a shell traveling at a velocity close to the speed
of light results in an emission time scale smaller than
the time scale of the dynamical evolution of the shell.
Assuming that the shell radius Rtr at the time t = ttr is
roughly given by the product βtrttr of the time and the
velocity βtr at the time, the emission time scale in the
observer frame is smaller than ttr by a factor of (1−βtr),
tobs − tobs,0 = ttr(1− βtr). (78)
Furthermore, for an ultra-relativistic speed, βtr = 1 −
1/(2Γ2tr), the following familiar expression for relativistic
flows can be obtained,
tobs − tobs,0 ' ttr
2Γ2tr
. (79)
The shock curvature also affects the emission time
scale. When photons are emitted from different parts
of the shell at the same time, the distance between the
nearest and the furthest points from the observer along
the line of sight results in a delay in the arrival times,
which is given by the light traveling time of the distance.
This light traveling time effect is most significant when
the shell radius is the largest at t = ttr. Since we take
into account the relativistic beaming effect, the visible
area is restricted to a part of the surface of the shell with
cos θ > βtr. Thus, the distance between the center and
the edge of the visible area along the line of sight leads
to Rtr(1 − βtr). The corresponding light traveling time
is given by,
Rtr(1− βtr)
c
' βtrttr(1− βtr) ' ttr
2Γ2tr
, (80)
where the last expression holds for ultra-relativistic ve-
locities. Therefore, as long as the velocity βtr when the
shell becomes transparent to photons is close to the speed
of light (not necessarily ultra-relativistic), Equations (78)
and (80) give emission time scales of the same order.
4.3.2. Effective Opacity
In Figure 8, we show the bolometric light curves cal-
culated by our model with different values of κeff = 0.2,
0.1, and 0.0 cm2 g−1 and a fixed tobs,0 = D/c, which are
compared with the X-ray light curve of GRB 060218 in
0.3-10 and 15-50 keV obtained by Swift XRT and BAT.
We use the data compiled and provided by UK Swift
Science Data Centre1. We note that our model only con-
siders the bolometric luminosity of the emission and thus
its spectrum may deviate from observations. The radi-
ation energy emitted as X-ray photons is dominated by
a small number of non-thermal photons, while thermal
photons dominate the total photon number. We will fur-
ther discuss the spectral features in Section 4.5.
The parameters of the model are set to Erel,51 = 0.2,
t0 = 10 s, Γmax = 5, A? = 350, and n = 2. The emis-
sion is initially brighter for smaller values of the effective
opacity κeff as expected. Although the discrepancy of the
luminosities of the different models is considerably large
at earlier epochs, tobs < 100 s, it becomes smaller as the
total optical depth of the ambient medium τa becomes
smaller. At later epochs tobs > 10
3 s, the difference in
the bolometric luminosity is within a factor of 3. As a
result, the overall duration and the average flux of the
X-ray emission is well explained.
4.3.3. Trigger Time of Observations
The light curve models shown in Figure 8 exhibit
a clear offset between the rise of the light curve and
tobs = tobs,0, depending on the adopted values of κeff .
This suggests that the trigger time tobs,0 of the obser-
vation significantly affects the light curve. In Figure 9,
we plot the light curves of models with different trigger
times tobs,0 and a fixed κeff = 0.1 cm
2 g−1. The trigger
time is set to tobs,0 = D/c, D/c + 50 s, and D/c + 150
s. The results clearly demonstrate that the earlier part
of the light curve is significantly affected by the different
values of tobs,0, while the later part remains unchanged.
Especially, the light curve with tobs,0 = D/c + 150 s
matches the observed one. Thus, when the emission is
1 http://www.swift.ac.uk
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Figure 8. Comparison of the bolometric light curve
calculated by our model (thick lines) and the X-ray
light curves of GRB 060218 obtained by Swift BAT
(15-50 keV, circles with error bars) and XRT (0.3 −
10 keV, thin gray line). Thick solid (red), dashed
(blue), and dash-dotted (green) lines show the bolomet-
ric light curves with different values of the effective op-
tical depth, κeff = 0.2, 0.1, and 0.0 cm
2 g−1 and a fixed
tobs,0 = D/c. The other free parameters of the model
are set to Erel,51 = 0.2, t0 = 10 s, Γmax = 5, A? = 350,
and n = 2. The distance to the source is assumed to be
D = 143 Mpc.
observed after its bolometric luminosity reaches around
Lbol ' 6× 1045 erg s−1, the observed light curve can be
well reproduced.
4.3.4. Termination of the Emission
In our semi-analytical model, the energy deposition
from the shell via radiative diffusion is terminated when
the optical depth of the shell τ becomes smaller than
unity, τ < 1. This termination happens at tobs ' 3×103
s for the model shown in Figures 8 and 9. Interestingly,
the X-ray light curve of GRB 060218 also exhibits a sharp
drop in luminosity at a similar epoch. In our model, this
sudden decline in the luminosity is interpreted as the
transition of the shell from optically thick to thin, which
leads to a significantly small number of photons coupled
to electrons.
4.4. Erad-T90 Diagram
Results shown in Figures 8 and 9 indicate that the
bolometric luminosity at later epochs (tobs > 10
3 s) less
suffers from the uncertainties mentioned above, the ra-
diative transfer in the ambient medium and the trigger
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Figure 9. Bolometric light curves with different values of
tobs,0 and a fixed value of κeff = 0.1 cm
2 g−1. The X-
ray light curves of GRB 060218 is shown as in Figure 8.
Thick solid (red), dashed (blue), and dash-dotted (green)
lines correspond to tobs,0 = D/c+ 150 s, D/c+ 50 s, and
D/c. The same free parameters as the models shown in
Figure 8 are used.
time. This suggests that the duration of the bright emis-
sion, the luminosity at later epochs, and the total radi-
ated energy, which is roughly given by the duration and
the late-time luminosity, are appropriate quantities for
a fair comparison between our models and observations.
Observations of individual GRBs provide the duration
and isotropic gamma-ray energy. Thus, we define the
following quantities, which can easily be calculated from
our light curves, and compare them with duration and
isotropic gamma-ray energy of several nearby GRBs.
Integrating the bolometric luminosity Lbol with respect
to the observer time tobs, we obtain the total radiated
energy Erad,
Erad =
∫ tobs,max
0
Lobs(tobs)dtobs, (81)
with tobs = 10
5 s. Furthermore, we define a time scale
T90 at which 90 % of the total radiation energy has been
deposited2, ∫ T90
0
Lobs(tobs)dtobs = 0.9Erad. (82)
We calculate these two quantities from models with
various sets of the parameters (Erel, A?, n), while the
2 Note that the definition of T90 is different from that used in
observations. In this paper, the latter is denoted by T90,obs.
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Table 2. Properties of selected GRB-SNe
GRB SN T90,obs [s] Eγ,iso[erg] Epeak [keV] Reference
GRB 980425 SN 1998bw 34.9± 3.8 9× 1047 122± 17 1
GRB 030329 SN 2003dh 22.9 1.3× 1052 70± 2 1
GRB 031203 SN 2003lw 37.0± 1.7 1.3× 1050 > 71 1
GRB 060218 SN 2006aj 2100± 100 4× 1049 4.7± 1.2 1
GRB 100316D SN 2010bh 1300 6× 1049 18+3−2 2,3
GRB 120422A SN 2012vz 5.35± 1.4 4.4× 1049 53 4,5,6
References—(1) Kaneko et al. (2007); (2) Starling et al. (2011); (3) Hjorth & Bloom (2012); (4) Barthelmy et al. (2012); (5)
Schulze et al. (2012); (6) Zhang et al. (2012)
maximum Lorentz factor is fixed Γmax = 5. In each panel
of Figure 10, the relations between the radiated energy
Erad and the time scale T90 for various sets of the pa-
rameters are plotted. Solid lines represent the relations
of these two quantities obtained by increasing the param-
eter A? from A? = 1 to A? = 1000 for Erel,51 = 0.01, 0.1,
1, 10. On the other hands, thin dashed lines represent
the relations obtained by increasing the kinetic energy
Erel,51 from 0.01 to 10 for A? = 1, 10, 100, and 1000.
4.4.1. Nearby Less-energetic GRBs
We compare the resultant quantities with the dura-
tion T90,obs and the isotropic gamma-ray energy Eγ,iso
of nearby GRBs associated with SNe, some of which are
less energetic than normal GRBs found at cosmological
distances. The properties of the gamma-ray emission of
the selected GRBs are summarized in Table 2. These
quantities are plotted on the panels in Figure 10. Out of
these samples, GRBs 980425, 060218, and 100316D are
often classified as LLGRBs due to their small gamma-
ray isotropic energies. Furthermore, GRB 060218 and
100316D exhibit quite similar X-ray light curves, charac-
terized by 1000 sec-long duration and soft X-ray spec-
trum. On the other hand, GRB 030329 shows simi-
lar properties, such as the isotropic gamma-ray energy
and the spectral peak energy, to normal GRBs rather
than LLGRBs. A more recently detected GRB 120422A
shows gamma-ray emission with a relatively short dura-
tion, T90 = 5.35± 1.4 s, followed by rapidly fading X-ray
emission. It has been suggested that it might consti-
tute the intermediate class between normal GRBs and
LLGRBs (Schulze et al. 2014).
4.4.2. Interaction-powered Emission
From the Erad-T90 diagrams in Figure 10, LLGRBs
980425, 060218, and 100316D, are found to be well ex-
plained by the interaction-powered emission from spheri-
cal ejecta. GRBs 060218 and 100318D are best explained
by interaction-powered emission from relativistic ejecta
with a kinetic energy of Erel,51 = 0.1-1.0 and a CSM
with A? ' 300-400. The large value of the parameter
A? required to explain their long-lasting X-ray emission
implies a mass-loss rate close to (3− 4)× 10−3 M yr−1
when a typical wind velocity of Wolf-Rayet stars, 103 km
s−1, is adopted. The implied large amount of CSM has
also been pointed out by several authors since the discov-
ery of GRB 060218 (e.g., Campana et al. 2006; Waxman
et al. 2007). GRB 980425 is reproduced by models with
moderate values of the parameter A? and an even small
kinetic energy, Erel,51 = 0.01-0.1, is sufficient to account
for the isotropic gamma-ray energy of this relatively less
energetic event. For larger values of the exponent n, a
larger kinetic energy is required for GRB 980425, since
a larger n means that a smaller fraction of the kinetic
energy is distributed throughout the outer layers of the
ejecta, resulting in emission with longer rise times.
4.4.3. Central Engine Driven Bursts
Several GRBs are located above the lines correspond-
ing to models with the largest kinetic energy Erel,51 = 10
in all panels of Figure 10. In other words, they cannot be
explained by the interaction-powered emission. Assum-
ing ejecta with a kinetic energy larger than Erel,51 = 10 is
less likely, because the value Erel,51 = 10 is already com-
parable to the kinetic energy of particularly energetic
SNe, i.e., hypernovae, and a considerable fraction of the
total kinetic energy of SN ejecta is usually distributed
in slower non-relativistic ejecta rather than outer layers.
Thus, it seems unfeasible to distribute even more kinetic
energy throughout the faster part of the ejecta while the
spherical symmetry is kept. These bursts require rela-
tivistic jets powered by central engines
4.5. Spectral Features
Our model predicts bolometric properties of the emis-
sion from the shocked gas and provides little information
on the spectrum. Nevertheless, it is worth discussing the
following points regarding the expected spectrum.
The discussion on the thermal equilibrium time scale
implies that the balance between absorption and emis-
sion of photons via free-free process is achieved at early
stages of the dynamical evolution of the shell, t ' 20
s and 103 s for A? = 100 and 1000 (see Figure 6). In
particular, for the model shown in Figures 8 and 9, the
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Figure 10. Diagrams showing the total radiated energy Erad and the duration T90 of the interaction powered emission
for various sets of the free parameters. Solid lines show relations of Erad and T90 obtained by increasing the parameter
A? from A? = 1 to A? = 1000 for Erel,51 = 0.01 (red), 0.1 (blue), 1.0 (green), and 10 (black). Dashed lines show those
obtained by increasing the energy Erel from Erel,51 = 0.1 to Erel,51 = 10 for A? = 1, 10, 100, and 1000. The duration
T90,obs and isotropic energy Eγ,iso of the selected GRBs, which are summarized in Table 2, are also plotted.
decoupling occurs at t ' 150 s. The reverse shock pres-
sure at the time is prs ' 1011 erg cm−3, leading to an
equilibrium temperature of Teq ' 2.5×106 K. Thus, these
photons are expected to show a temperature of a few 106
K or equivalently an average energy of 3kBTeq ∼ 0.6 keV
at the decoupling and contribute to the emission as a
thermal component. In fact, a thermal component has
been found in the X-ray spectra of GRB 060218 (Cam-
pana et al. 2006) and 100318D (Starling et al. 2011).
The presence of a thermal component with temperature
of kBTBB ∼ 0.1 − 0.2 keV, relatively low spectral peak
energy (Epeak = 4.7 and 18 keV, respectively), and their
peculiarly long X-ray emission may indicate that their
emission originates from the interaction between a dense
CSM and mildly relativistic ejecta. The contribution of
the thermal component to the total X-ray flux is only
∼ 10 % and 2-4 % for GRB 060218 and 100318D. How-
ever, the low temperature, 0.1-0.2 keV, compared with
the spectral peak energy means that thermal photons
dominate the total photon number.
Our model suggests that thermal photons with a tem-
perature of ∼ 0.1-0.2 keV predominantly exist until the
decoupling, which reasonably agrees with the observa-
tions. Since the energy injection through the reverse
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shock continues even after the decoupling, the freshly in-
jected energy would play a role in powering a small frac-
tion of photons remaining in the shocked region and pro-
ducing a non-thermal component. For the model shown
in Figures 8 and 9, the internal energy of the shell at
the decoupling t ' 150 s is Eint,dec ' 1049 erg, while
the value at t = ttr is Eint,tr ' 2.6 × 1049 erg. Thus, an
additional energy of the order of 1049 erg can be used
to further power the photons. Because of the freeze-out
of the photon number, when this additional energy is
simply used to increase the average energy of the whole
remaining photons, the increase in the photon energy,
which is given by Eint,tr/Eint,dec, is only a factor of a few.
The increased average photon energy is ∼ 1 keV, which
does not explain the spectral peak energies of LLGRBs.
This is the reason why some mechanism decoupling a
small fraction of photons from the thermal equilibrium
should play a role. For example, when a few to 10 per-
cent of the remaining photons could predominantly gain
the additional energy, an energy larger than the average
photon energy by a factor of 10-30, ∼ 6-10 keV, would
be achieved. In fact, this simple consideration overes-
timates the contribution of the thermal photons to the
total radiated energy, Eint.dec/Eint,tr ∼ 38%. Thus, a
more sophisticated model taking into account the process
producing non-thermal photons should be developed to
explain observations of LLGRBs in a self-consistent way.
However, revealing the mechanism responsible for pro-
ducing the non-thermal component is beyond the reach
of this study, where a simplified one-zone model is used
to describe the shocked region.
There is also the possibility that the spherical shell
is not responsible for producing non-thermal photons
and the non-thermal component can instead arise from
a weak jet rather than the shell (see, Irwin & Chevalier
2016, for a recent discussion). In other words, the com-
bination of non-thermal emission from a jet and thermal
emission from the associated quasi-spherical ejecta, such
as a cocoon, accounts for the emission from LLGRBs. In
this case, just up to ∼ 10 % of the total X-ray flux should
be explained by the ejecta-ambient interaction and make
the required kinetic energy of the ejecta smaller by an
order of magnitude.
5. CONCLUSIONS AND DISCUSSIONS
In this study, we have developed a semi-analytical
model for the hydrodynamical evolution of freely ex-
panding trans-relativistic ejecta interacting with an am-
bient medium whose density is inversely proportional to
the square of the radius. Our model successfully re-
produces results of numerical simulations. Furthermore,
we have presented an emission model in which photons
are diffusing out from the geometrically thin and opti-
cally thick shell resulting from the hydrodynamical in-
teraction. Then, we have examined the possibility that
the CSM interaction contributes to X-ray and gamma-
ray emission from GRBs associated with SNe, includ-
ing several events classified as LLGRBs. Our results
give a threshold on the Erad-T90 plane, above which
gamma-ray emission of any GRB cannot be explained
by the interaction-powered emission from mildly rela-
tivistic, spherical ejecta. The CSM interaction cannot
explain GRBs releasing a large amount of gamma-ray en-
ergy during short duration, such as GRB 030329, 031203,
and 120422A, which suggests that they require a certain
central engine activity to deposit a significant amount of
energy into a small solid angle. This result agrees with
Zhang et al. (2012), who claimed that the time-averaged
luminosity of the gamma-ray emission could distinguish
central-engine powered GRBs from LLGRBs.
5.1. Presence of Dense CSM
Our results suggest that the circum-burst environment
would be a key to distinguishing GRBs characterized
by long-lasting soft X-ray emission from normal GRBs.
Recently, Margutti et al. (2015) studied X-ray emission
from GRBs found in the nearby universe and found that
some GRBs exhibit the following properties: (1) long-
lasting gamma-ray emission with T90,obs > 1000 s, (2)
a large absorption column density by neutral hydro-
gen, and (3) late-time super soft X-ray emission. They
pointed out that these events were possibly explosions
of stars surrounded by dense materials having been lost
from the stellar surface as a stellar wind, although they
could not exclude another possibility that these events
originate from unusual progenitor systems.
It is found that a considerably dense CSM, mass-loss
rates larger than 10−3 M yr−1 for a wind velocity of
103 km s−1, is required for GRB 060218 and 100316D.
How such dense CSM is produced during the evolution
toward the core-collapse is still unclear. However, spec-
troscopic observations of SNe at very early stages may
shed light on the origin. Recent observations of type IIb
SN 2013cu (Gal-Yam et al. 2014) at the very beginning
of its evolution suggested that it was the explosion of a
Wolf-Rayet star with an extremely dense CSM or stel-
lar envelope attached. From the luminosity of the Hα
line emission found in the early optical spectrum of SN
2013cu, they argued the presence of a strong stellar wind
with a mass-loss rate of the order of 10−2 M yr−1 and
a wind velocity of the order of 103 km s−1 in the vicinity
of the progenitor star. More detailed spectral modeling
later found that the wind velocity appeared to be smaller
than the value obtained by Gal-Yam et al. (2014), but
the mass-loss rate was similar (Groh 2014; Gra¨fener &
Vink 2016). Furthermore, recent spectroscopic observa-
tions of SNe found by the Palomar Transient Factory
suggest that a non-negligible fraction of the SNe exhibits
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spectral signatures similar to SN 2013cu (Khazov et al.
2016) in their early optical spectra. If a highly energetic
explosion producing relativistic ejecta occurs in a simi-
lar environment, the ejecta-CSM interaction would give
rise to bright X-ray or gamma-ray emission like GRBs
060218 and 100316D.
On the other hand, radio observations and light curve
modelings of GRBs associated with SNe imply rela-
tively dilute circum-burst environments. For example,
Margutti et al. (2013) carried out radio and X-ray ob-
servations of GRB 100316D and estimated the mass-loss
rate of ∼ 10−5 M yr−1 for a wind velocity of 103 km
s−1. This discrepancy could be resolved by introducing a
non-steady mass losing process. In other words, radio ob-
servations would probe the CSM at more distant regions
from the explosion site than the CSM predominantly dis-
sipating the kinetic energy of the ejecta. The geometri-
cally thin shell becoming transparent at ttr ∼ 103 s is
located at a distance of cttr ∼ 3 × 1013 cm, where ma-
terials ejected a few days before the explosion should be
present for a wind velocity of 103 km s−1. On the other
hand, radio observations are usually carried out 10-100
days after the discovery, when relativistic ejecta travel-
ing at speeds close to the speed of light have reached at a
distance of 3× 1016−17 cm. The corresponding traveling
time scale of the wind at a velocity 103 km s−1 is 10-100
yrs. Thus, the drastic change in the mass-loss history of
the progenitor, if it existed, must have occurred 10-100
yrs before the explosion.
Radio observations of LLGRBs also suggest that the
radio-emitting ejecta still have sub-relativistic velocities,
Γβ ∼ 1, and the kinetic energy of the ejecta is compa-
rable to the isotropic energy of the gamma-ray emission
(e.g., Margutti et al. 2013). If the shell resulting from
the ejecta-CSM interaction continued to decelerate in a
dense CSM, the shell velocity would be non-relativistic
and most of the kinetic energy would be lost at later
stages of the dynamical evolution. Thus, the termina-
tion of the dense CSM in a distant region from the ex-
plosion site is also required to explain the dynamics of
radio emitting ejecta.
5.2. Kinetic Energy Distribution of Trans-relativistic
Ejecta
The total radiated energy and the duration of the emis-
sion predicted by our emission model do not strongly
depend on the gradient of the assumed kinetic energy
distribution, which is characterized by the power-law ex-
ponent n, especially for ambient media with high densi-
ties. However, the temporal evolution of the spectrum
of the emission must depend on n. Smaller values of n
correspond to ejecta with larger kinetic energy at the out-
ermost layer. Ejecta traveling at higher Lorentz factor
are expected to emit harder photons due to the Lorentz
boost. Therefore, when ejecta with a kinetic energy dis-
tribution with a smaller n are responsible for the X-ray
and gamma-ray emission, the spectrum is dominated by
hard photons, while a softer spectrum is expected for
ejecta with a steep kinetic energy distribution. The dif-
ference in the hardness of observed spectra must be a key
to investigating what kind of kinetic energy distribution
is realized in LLGRBs.
How the assumed kinetic energy distribution is re-
lated to the hardness of the resultant emission should be
quantitatively studied by performing hydrodynamic sim-
ulations with multi-frequency radiative transfer, which
would also clarify whether a thermal component is really
present in the spectrum of the emission and how repeated
Compton scatterings shape the spectrum.
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APPENDIX
A. DIFFUSION APPROXIMATION IN RELATIVISTIC REGIME
In this section, we describe the method to evaluate the energy loss rate through radiative diffusion from a geometri-
cally thin and optically thick shell moving at a relativistic speed. In the following, we consider two inertial frames, the
laboratory frame, in which the shell is traveling at a velocity βs, and the comoving frame, in which the shell is at rest.
We denote quantities in the laboratory and comoving frames by letters with and without a prime, e.g., Q and Q′.
Since the radiative energy loss rate does not change under the Lorentz transformation, (dE/dt)rad = (dE
′/dt′)rad,
we derive the rate in the comoving frame at first. The transfer equation for the frequency-integrated intensity I ′ with
spherical symmetry is given by,
∂I ′
∂t′
+ µ′
∂I ′
∂r′
+
1− µ′2
r′
∂I ′
∂µ′
= ρ′κ′(J ′ − I ′), (A1)
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where t′ and r′ are the time and the radial coordinate and µ′ is the direction cosine. For simplicity, we assume isotropic
scattering and κ′ gives the scattering opacity. In the diffusion approximation, we only consider the zeroth and first
angular moments of the intensity. Thus, the intensity is expressed as follows,
I ′ = J ′ + µ′H. (A2)
The zeroth and first angular moments of the transfer equation (A1) with Equation (A2) lead to
∂J ′
∂t′
+
1
3r′2
∂(r′2H ′)
∂r′
= 0, (A3)
and
∂H ′
∂t′
+
∂J ′
∂r′
= ρ′κ′H ′. (A4)
As usually done in the diffusion approximation (e.g., Rybicki & Lightman 1979), we assume that the time derivative
of the first moment ∂H ′/∂t′ is much smaller than the other terms in the above equation. Thus, Equation (A4) yield
H ′ =
1
ρ′κ′
∂J ′
∂r′
. (A5)
Here we consider a spherical shell with the outer radius R′ and width L′. Furthermore, we assume that the radiation
energy of the shell is lost from r′ = R via radiative diffusion. We multiply Equation (A3) by 4pir′2 and integrate
the product with respect to the radius from r′ = R′ − L′ to r′ = R′. Further multiplying the result with 4pi, which
corresponds to the integration over the solid angle, one obtains the rate of the radiative energy loss from the outer
radius,
dE′
dt′
= −16pi
2R′2
3
H ′|r′=R′ . (A6)
When the width of the shell is negligibly small as assumed in this paper, Equation (A5) can be approximated as
follows,
H ′ =
J ′
ρ′κ′L′
=
J ′
τ
. (A7)
Here, τ is the optical depth of the shell, τ = ρ′κ′L′, which is Lorentz invariant. Thus, the radiative energy loss rate in
the comoving frame is obtained as follows,(
dE′
dt′
)
rad
=
16pi2R′2
3τ
J ′ =
4piR′2
3τ
u′ph, (A8)
where u′ph = 4piJ
′ is the radiation energy density in the comoving frame. This equation also gives the radiative energy
loss rate in the laboratory frame.
Next, we obtain the relation between the zeroth moments J ′ and J in the comoving and laboratory frames to
express the radiative energy loss rate in terms of the radiation energy density in the laboratory frame. The Lorentz
transformations of the intensity and the direction cosine lead to
I = Γ4s (1 + βsµ
′)4(J ′ + µ′H ′), (A9)
and
µ =
µ′ + βs
1 + βsµ′
, (A10)
where Γs = (1− β2s )−1/2. The zeroth angular moment of this equation leads to
J =
1
2
∫ 1
−1
Γ4s (1 + βsµ
′)4(J ′ + µ′H ′)dµ
=
1
2
∫ 1
−1
Γ2s (1 + βsµ
′)2(J ′ + µ′H ′)dµ′ = Γ2s
[(
1 +
β2s
3
)
J ′ +
2βs
3
H ′
]
. (A11)
Substituting Equation (A7) into the R.H.S. of this equation, one obtains the following relation between J ′ and J ,
J ′ =
(1− β2s )τJ
(1 + β2s /3)τ + 2βs/3
, (A12)
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Figure B11:. Results of the convergence study of the numerical simulations. The solid lines show the radial density
profiles from the simulations with different spacial and temporal resolutions, while the dashed line in each panel shows
that of the fiducial simulation, which is the same model in Figures 1 and 2.
which also holds for the radiation energy densities, u′ph and uph,
u′ph =
(1− β2s )τuph
(1 + β2s /3)τ + 2βs/3
. (A13)
Thus, the radiative energy loss rate can be expressed in terms of the radiation energy density in the laboratory frame
as follows, (
dE
dt
)
rad
= 4piR2uph
1− β2s
(3 + β2s )τ + 2βs
. (A14)
B. CONVERGENCE CHECK OF NUMERICAL SIMULATIONS
In this section, we provide results of the convergence study of our numerical simulations. In the simulations performed
in Section 3, the whole numerical domain is covered by Nr = 1024 at the lowest AMR level and the time step is set
to ∆t = 0.0001. We carry out additional four simulations with the same parameter as the model in Figures 1 and
2 but with different spatial and temporal resolutions. The number of the numerical cells at the lowest AMR level
and the time step are doubled and halved compared to the fiducial model, (Nr,∆t) = (2048, 0.0001), (512, 0.0001),
(1024, 0.00005), and (1024, 0.0002). The evolution is followed up to t = 200 s. Figure 11 shows the results. The
panels show the radial profiles of the density from r = 190 to r = 200 in units of 3 × 1010 cm at t = 200 s. In each
panel, the result of the simulation is plotted as a solid line and compared with the fiducial model (dashed line) with
(Nr,∆t) = (1024, 0.0001). The different models show quite similar density profiles, proving the convergence of the
simulation shown in this paper.
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